The financial crisis has fueled interest in alternatives to traditional asset classes that might be less affected by large market gyrations and, thus, provide for a less volatile development of a portfolio. One attempt at selecting stocks that are less prone to extreme risks, is obeyance of Islamic Sharia rules. In this light, we investigate the statistical properties of the DJIM index and explore its volatility dynamics using a number of up-to-date statistical models allowing for long memory and regime-switching dynamics. We find that the DJIM shares all stylized facts of traditional asset classes, and estimation results and forecasting performance for various volatility models are also in line with prevalent findings in the literature. Overall, the relatively new Markov-switching multifractal model performs best under the majority of time horizons and loss criteria. Long memory GARCH-type models always improve upon the short-memory GARCH specification and additionally allowing for regime changes can further improve their performance.
Introduction
The recent global financial crisis has exerted enormous negative impacts on conventional institutions and markets. Hence, a need has been felt for exploring alternatives to conventional financial practices that allow to reduce investment risks, increase returns, enhance financial stability, and reassure investors and financial markets. Given this, following the crisis, one has observed a renewed interest in Islamic finance, 1 based on Sharia rules, as an approach that might offer products and instruments driven by greater social responsibility, ethical and moral values, and sustainability, and hence, may be better safeguarded against financial crises.
Against this backdrop, in this paper, we aim to model and forecast conditional volatility of the returns of the Dow Jones Islamic Market World Index (DJIM), accounting for both the possibility of long memory and structural changes in the volatility process. The choice of the DJIM is justified by the fact that it is the most widely used, and most comprehensive representative time series for the Islamic stock market (Hammoudeh et al., 2013) . Note that, appropriate modeling and forecasting of volatility is of importance due to several reasons: Firstly, when volatility is interpreted as uncertainty, it becomes a key input to investment decisions and portfolio choices. Secondly, volatility is the most important variable in the pricing of derivative securities. To price an option, one needs reliable estimates of the volatility of the underlying assets. Thirdly, financial risk management according to the Basle Accord as established in 1996 also requires modeling and forecasting of volatility as a compulsory input to risk-management for financial institutions around the world. Finally, financial market volatility, as witnessed 1 Assets in the Islamic industry have grown by 500% in the last five years and reached 1.6 trillion U.S. dollars in 2013 (Hammoudeh et al., 2013) .
during the recent "Great Recession" for the returns on DJIM like many other assets (see Figure 1) , can have wide repercussions on the economy as a whole, via its effect on real economic activity and public confidence.
Hence, estimates of market volatility can serve as a measure for the vulnerability of financial markets and the economy, and can help policy makers design appropriate policies. Evidently, appropriate modeling and accurate forecasting of the process of volatility has ample implications for portfolio selection, the pricing of derivative securities and risk management. While there is a rich literature on volatility modelling of 'conventional financial assets', not much evidence exists to date with respect to the Islamic stock market. We try to fill part of this gap using some of the most advanced tools available in contemporaneous econometric literature. Further, a related line of research on long memory and structural changes in volatility discusses the connection between these phenomena. In fact, volatility persistence may be due to switching of regimes in the volatility process, as first suggested by Diebold (1986) and Lamoureux and Lastrapes (1990) . This literature concludes that it could be very difficult to distinguish between true and spurious long memory processes. This ambiguity motivates us to include a new type of Markov-switching model in addition to our array of volatility models (i.e., GARCH, FIGARCH, FITVGARCH) -the Markov-switching multifractal (MSM) model of Calvet and Fisher (2001) . Despite allowing for a large number of regimes, this model is more parsimonious in parameterization than other regime-switching models. It is furthermore well-known to give rise to apparent long memory over a bounded interval of lags (Calvet and Fisher, 2004) and it has limiting cases in which it converges to a 'true' long memory process. To the best of our knowledge, this is the first attempt in forecasting the volatility process for the DJIM returns using a wide variety of advanced volatility models trying to capture long-memory, structural breaks and the fact that structural breaks can lead to the spurious impression of long-memory. The rest of the paper is organized as follows: Section 2 provides basic information on GARCH, FIGARCH, FITVGARCH and MSM models, while Section 3 presents the data and the empirical results. Finally, Section 4 concludes.
GARCH, FIGARCH, FITVGARCH and MSM

Volatility models
Univariate models of volatility usually consider the following specification of financial returns measured over equally spaced discrete points in time t = 1, ..., T :
where y t = p t − p t−1 with p t = ln P t the logarithmic asset price, µ t = E[y t |F t−1 ] and σ 2 t = Var[y t |F t−1 ] the conditional mean and the conditional variance (volatility), respectively. The information set F t−1 is assumed to contain all relevant information up to period t − 1. Moreover, u t is an independently and identically distributed disturbance with mean zero and variance one. Although u t can be drawn from various stationary distributions, in this study we let u t ∼ N (0, 1). The return components µ t and σ t can be specified according to the assumed data generating process. For the purpose of this study we use the simple specification µ t = µ + ρy t−1 .
Defining r t = y t − µ t , the 'centered' returns can be modeled as
Now we turn to volatility modelling. Returns in financial markets are typically found to be heteroskedastic with high autocorrelation of all measures of volatility (e.g., squared or absolute returns). To capture this feature, the literature had developed the time-honored class of models with autoregressive conditional heteroskedasticity. As the benchmark version of this class of models, the GARCH(1,1) model of Bollerslev (1986) assumes that the volatility dynamics is governed by
where the restrictions on the parameters are ω > 0, α, β ≥ 0 and α + β < 1.
The FIGARCH model introduced by Baillie et al. (1996) expands the GARCH variance equation by considering fractional differences. As in the case of the GARCH model, we restrict our attention to one lag in both the autoregressive term and in the moving average term. The FIGARCH (1,d,1) model is, then, given by
where L is the lag operator, d is the parameter of fractional differentiation and the restrictions on the parameters are 
where
F (t * ; γ, c) is a logistic smooth transition function defined as i.e. we impose p=q=1.
Estimation of the GARCH, FIGARCH and FITVGARCH models can be done via the Quasi Maximum Likelihood (QML) method. The l-period ahead forecastsσ 2 t+l|t for these models can be obtained most easily by recursive substitution of one-step ahead forecastsσ 2 t+1 . Note that one obtains volatility forecasts from FITVGARCH in much the same way as for FI-GARCH using the active regime at time t. The advantage of FITVGARCH would consist in detecting a possible regime switch within the in-sample used for estimation so that the set of parameters might be different from those of a FIGARCH model without regime switching both estimated for the same series.
We now turn to a description of the MSM model. An in-depth analysis of this model can be found in Calvet and Fischer (2004) and Lux (2008) . In the MSM model, instantaneous volatility is determined by the product of k volatility components or multipliers M
(1)
and a scale factor
Following the basic hierarchical principle of the multifractal approach,
t will be renewed at time t with a probability γ i depending on its rank within the hierarchy of multipliers, and will remain unchanged with probability 1 − γ i . Convergence of the discrete-time MSM to a Poisson process in the continuous-time limit requires to formalize transition probabilities according to:
with γ k and b parameters to be estimated (Calvet and Fisher, 2001 ). Since we are not interested in the continuous-time limit in this article, we fol- Here we use the Lognormal MSM (LMSM) model, in which multipliers are determined by random draws from a Lognormal distribution with parameters λ and ν, i.e.
Normalization via E[M
from which a restriction on the shape parameter ν can be inferred: ν = √ 2λ. Hence, the distribution of volatility components corresponds to a one-parameter family of Lognormals with the normalization restricting the choice of the shape parameter. Thus, the LMSM parameters to be estimated are just λ and σ for all specifications k = 2, ..., 15.
Lux (2008) has introduced a GMM estimator that is universally applicable to all possible specifications of MSM processes. In the GMM framework the unknown parameter vector ϕ = (λ, σ) is obtained by minimizing the distance of empirical moments from their theoretical counterparts, i.e.
with Φ the parameter space, f T (ϕ) the vector of differences between sample moments and analytical moments, and A T a positive definite and possibly random weighting matrix. Under standard regularity conditions that are routinely satisfied by MSM models, the GMM estimator ϕ T is consistent and asymptotically normal. 2 In order to account for the proximity to long memory characterizing MSM models we follow Lux (2008) in using logarithmic differences of absolute returns together with the pertinent analytical moment conditions, 2 The standard regularity conditions are problematic for the preceding 'first generation' multifractal model of Mandelbrot et al. (1997) because of its restrictions to a bounded time interval. This is not an issue for the 'second generation' MSM of Calvet and Fisher (2001) which by its very nature is a variant of a Markov-switching model.
i.e.
Using (2) and (7) in (12) we get the expression
where m
t . The variable ξ t,T only has nonzero autocovariances over a limited number of lags. To exploit the temporal scaling properties of the MSM model, covariances of various orders q over different time horizons are chosen as moment conditions, i.e.
for q = 1, 2 and T = 1, 5, 10, 20, together with E r 2 t = σ 2 for identification of σ 2 .
Out-of-sample forecasting of the MSM model estimated via GMM is performed for the zero-mean time series Y t = r 2 t − σ 2 for l-step ahead horizons, by means of best linear forecasts computed with the generalized LevinsonDurbin algorithm developed by Brockwell and Dahlhaus (2004) .
Empirical analysis
In this section, we present the results of our empirical study, starting with the description of the data, the in-sample estimation results, and then proceed to the out-of-sample forecast comparison of the different volatility models discussed above.
Data
The various volatility models are estimated using daily data of the Global Dow Jones Islamic Market World Index (DJIM). The DJIM index measures the performance of the global universe of investable equities that have been screened for Sharia compliance. The companies in this index pass the industry and financial ratio screens. The regional allocation for DJIM is classified as follows: 60.14% for the United States; 24.33% for Europe and South Africa; and 15.53% for Asia (Hammoudeh et al., 2013) . Our data spans the period of January 1, 1996 to September 2, 2013, implying a total of 5750 observations. Note that the start and end date for the index is governed purely by data availability at the time of writing this paper. The time series for the index is sourced from Bloomberg. In order to get a preliminary idea about the data set, we present, in Figure 1 , the daily index in levels and returns. Note that daily returns are normalized by taking 100 times the first difference of the natural log of the index. Table 1 
Estimation
We now turn to estimation of our four volatility models introduced above.
In-sample estimation results of the different models are reported in Table   2 . The results corresponding to GARCH-type models, i.e., GARCH ( For forecast evaluation, we use both the mean squared forecast error (MSE) and the mean absolute forecast error (MAE) criteria. The null hypothesis of equality of forecast performance from different models is tested in a pairwise comparison using the Diebold and Mariano (1995) (DM) test and the modified DM type test statistics for nested models of Clark and
West (2007), depending on the models to be compared. Furthermore, we use the superior predictive ability (SPA) test introduced by Hansen (2005) that allows for the simultaneous test of n similar null hypotheses against a group of alternatives. 
Standard errors are given in parentheses. Note: MSE and MAE for all four models are displayed relative to the MSE and MAE of a constant forecast using historical volatility as estimated from the in-sample series. Entries in italics represent the best performing model for the pertinent loss function and forecasting horizon. Diebold and Mariano (1995) test (the second is based on both squared and absolute prediction errors). The Clark-West test is used in the case of nested models, while the Diebold-Mariano test is utilized for non-nested models. For both models, the null hypothesis is that the forecast performance at horizon h of model 2 is equal to the one of model 1 against the one-sided alternative that model 2's forecast performance is superior to the one of model 1. For the GARCH model, we find that it is inferior to alternative models under MSE at all horizons but l=1. Interestingly, historical volatility is also clearly out performed by some alternative forecasts so that the application of our battery of time series models adds value in term of forecasting accuracy under the MSE criterion. This is different under the MAE criterion where the null of non-inferiority of HV for the alternative forecasts is never rejected.
If we would exclude HV from the competition, the SPA test would indicate superiority of MSM compared to the GARCH type model at all forecast horizons in line with the results of Tables 3 and 4 . However, under the MAE criterion, all our time series models would not add value to the naive approach of using the in-sample average on a predictor for future volatility.
Conclusions
In the wake of the recent global financial crisis, a need has emerged for a reconsideration of many facets of the existing financial system. Among other developments, this has also led to a renewal of interest in Islamic finance. In essence, Islamic finance attempts to provide financial products and instruments that are consistent with certain principles such as social re- 
